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An asymptoti analysis is presented for the near eld of spinning soures, based on a
transformation into ylindrial oordinates entred on a line at a xed radius from the soure
axis. This transforms the irular soure into an equivalent nite length line soure with a
soure distribution made up of `modes' given as Chebyshev polynomials of the seond kind
Un(s) = sin[(n+1) cos
−1 s]/ sin cos−1 s. These `modes' play a role like that of modes in duts
and the analysis shows that their aousti eld propagates or deays depending on whether
n + 1 < k or n + 1 ≥ k, respetively, with k wavenumber, similar to the ut-on/ut-o
behavior of dut modes.
The analysis is used to examine the problem of identifying a soure from eld measure-
ments. This has a wide range of appliations and is reognized to be (very) ill-onditioned.
Using the information supplied by the analysis of the soure near eld, the reasons for this
ill-onditioning are explained.
1 Introdution
A widely-studied, hard problem is that of identifying the soure distribution responsible for
a spinning sound eld. This overs noise generated by rotating systems suh as ooling
fans [1, 2℄, heliopter rotors [3, 4℄ duted systems [510℄ and by jets [11℄ if we onsider a jet
to be a distribution of disk-shaped soures. In eah of these appliations, the aim is to use
measurements of the aousti eld to infer, in some sense, the soure distribution responsible
for the noise.
There are a number of reasons why an estimate of the soure might be required. The rst
ase is where the soure itself is of interest. This might be where soure terms orrespond to
some physial feature of the system being studied and the real interest is in these physial
features, or, it might be where the aousti soure itself is required as a preliminary to
applying noise redution measures. Examples of these two ases inlude the determination
of the pressure distribution on a wing from the radiated noise [12℄, and the determination of
the aousti soures to be used as input to a noise ontrol system for ooling fans [1, 2℄. This
has been reognized as a very ill-onditioned problem, with a number of solution tehniques
proposed to irumvent the diulties. The issue is that the aousti eld around subsoni
spinning soures deays exponentially with distane from the soure [1316℄, meaning that
projeting the eld bakwards onto the soure involves errors whih inrease exponentially.
The seond ase is where an estimated soure will be used in prediting the eld at
points other than the original measurement positions. One example is the extration of
soure parameters from the near eld of a propeller in a wind tunnel, with the parameters
being used to predit the far eld [17℄. This is a rather dierent problem to the rst, beause
in projeting the near eld into the far eld, errors deay exponentially for a spinning eld
so that the auray required of the estimated soure is not as high as in the previous ase.
The problem onsidered in this paper is that of the eld radiated by a distribution of
monopoles over a disk. This orresponds to the ase of `thikness' noise from an open rotor
or sound generated by a baed piston. It is also a good approximation to the sound radiated
from a dut termination [18℄ over muh of the forward ar, making it useful in examining
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Figure 1: Coordinate system for radiation predition
the problem of dut mode identiation in airraft engines. We further note that the dipole
and quadrupole elds are found by dierentiating the same basi integral [19, 20℄, so that
onlusions drawn from analysis of the monopole problem will be appliable to the ase of
the higher order soures of importane in rotor aoustis and jet noise respetively.
2 Analysis
The problem onsidered is that of the eld generated by an azimuthally varying distribution
of monopoles with strength s(r1, θ1) given by the Rayleigh integral [13, 20℄
p(r, θ, z, ω) =
∫ 1
0
∫ 2pi
0
s(r1, θ1)
ejkR
4piR
dθ1 r1 dr1, (1)
R2 = r2 + r21 − 2rr1 cos(θ − θ1) + z
2,
where the soure is distributed over the unit disk in the plane z = 0, variables of integration
have subsript 1 and the oordinate system is shown in Figure 1. The wavenumber k = ω/c,
and c is the speed of sound.
Taking one azimuthal mode of the soure distribution, s(r1, θ1) = sn(r1) exp jnθ1, the
radiated eld for one mode an be written p = pn exp jnθ:
pn(r, z) =
∫ 1
0
∫ 2pi
0
sn(r1)
ej(kR−nθ1)
4piR
dθ1 r1 dr1, (2)
R2 = r2 + r21 − 2rr1 cos θ1 + z
2.
The integral of Equation 2 has been extensively studied due to its relevane to rotor aoustis
and, under suitable onditions, as a good approximation to radiation from duts. Many
problems in soure identiation [1, 2, 510℄ an be viewed as attempts to reover the soure
term sn(r1) from measurements of pn.
In the remainder of the paper, we derive some basi properties of this integral whih
will show the fundamental limits plaed on soure identiation methods by the sparse
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Figure 2: Coordinates for transformation to equivalent line soure
information about the soure whih is radiated into the aousti eld, inluding the near
eld.
2.1 Equivalent line soure
The rst step in the analysis is to transform the disk soure into a line soure whih gen-
erates (exatly) the same aousti eld. This is a transformation whih has been used, in
the axisymmetri ase, in studies of transient radiation from pistons [21, 22℄, and with az-
imuthal variation in studies of rotor aoustis [1316℄. The rst stage is to swith from the
soure-entred ylindrial oordinates (r, θ, z) of Figure 1 to the observer-entred oordinates
(r2, θ2, z) of Figure 2. Under this transformation, Equation 2 beomes, for r > 1:
pn(k, r, z) =
∫ r+1
r−1
ejkR
R
K(r, r2)r2 dr2, (3)
R =
(
r22 + z
2
)1/2
,
K(r, r2) =
1
4pi
∫ 2pi−θ(0)2
θ
(0)
2
e−jnθ1sn(r1) dθ2, (4)
where the soure funtion K(r, r2) depends on r, the observer lateral separation, but is
independent of z, the axial displaement. The oordinate systems are related by:
r21 = r
2 + r22 + 2rr2 cos θ2, (5a)
θ1 = tan
−1 r2 sin θ2
r + r2 cos θ2
. (5b)
and the limits of integration in Equation 4 are given by setting r1 = 1:
θ
(0)
2 = cos
−1 1− r
2 − r22
2rr2
. (6)
The funtion K(r, r2) has square-root behaviour at its end-points, r2 = r ± 1, so that it
an be expanded:
K(r, r2) =
∞∑
m=0
um(r)Um(s)(1− s
2)1/2 (7)
with s = r2 − r and Un(s) the Thebyshe polynomial of the seond kind.
Inserting this expansion into Equation 3
pn(k, r, z) =
∞∑
m=0
umIm(k, r, z), (8)
Im(k, r, z) =
∫ 1
−1
ejkR
R
Um(s)(r + s)(1− s
2)1/2 ds, (9)
=
∫ pi
0
ejkR
R
(r + cosβ) sin(m+ 1)β sin β dβ, (10)
R2 = (r + cos β)2 + z2,
with the transformation s = cosβ and use of the denition of the Thebyshe polynomial [23,
8.940.2℄, Um(s) = sin[(m+ 1)β]/ sinβ.
3 Radiated eld
The analysis of the previous setion gives us a model of a spinning aousti eld expressed
in terms of an exatly equivalent line soure omposed of a superposition of modes given as
Thebyshe polynomials. In this setion, we use this model to draw basi onlusions about
the aousti information whih is available for soure identiation.
3.1 Cut-o modes
The rst onlusion we an draw from the integral expression for Im is that modes with
m > k deay exponentially and an be onsidered `ut-o'. For z = 0, Im(k, r, 0) an be
evaluated exatly using standard relations for Bessel funtions [23, 8.411.1,8.471.1℄ and the
denition of the Thebyshe polynomial above:
Im(k, r, 0) = j
mpi(m+ 1)
Jm+1(k)
k
ejkr. (11)
For m + 1 large and k < m + 1, the Bessel funtion Jm+1(k) deays exponentially, i.e. the
higher modes are `ut o'. Sine |Im(r, z)| has its maximum in the plane z = 0, we an
further onlude that modes with m > k are ut o everywhere and annot be deteted in
the eld. This is an exat result whih plaes a rst limit on the information radiated.
3.2 Asymptoti analysis
A seond limit on the information available in the aousti eld an be found by asymptoti
analysis of Im whih an be rewritten:
Im = (Qm+2(k, r, z) +Q−m−2(k, r, z)−Qm(k, r, z)−Q−m(k, r, z))/4,
with:
Qm(k, r, z) =
∫ pi
0
ejkψ(β)
r + cosβ
R
dβ, (12)
ψ(β) = R+ γβ,
γ = m/k.
The integral Qm is in a suitable form for stationary phase analysis [24℄, whih depends on
nding the stationary points of ψ where dψ/dβ = 0 with 0 ≤ β ≤ pi. Upon dierentiation
and rearrangement, the ondition dψ/dβ = 0 takes the form of a quarti equation:
(α2 − C2)(r + C)2 − γ2z2 = 0, (13)
where C = cosβ and α = (1 − γ2)1/2. To lie in the domain of integration, the stationary
phase points must be real with |C| < 1. This leads to the requirement that 0 < γ < 1 and
|z| < zc, a `ut-o' value beyond whih the phase funtion ψ has no valid stationary points.
The two values of C, denoted C+ and C−, at the limits of |z| are:
C±(z) =
{
±α, z = 0,
−r/4 + (r2 + 8α2)1/2/4, z = ±zc.
(14)
Denoting Cc = C+(zc) = C−(zc), the ut-o value of z is:
zc = (α
2 − C2c )
1/2(r + Cc)/γ, (15)
→ αr/γ, α/r → 0.
Written in spherial oordinates, the asymptoti ut-o lines zc = αr/γ are rays with polar
angle φ = sin−1 γ. For ompleteness, we note that for γ = 0, there is no uto and the line
soure mode radiates into the whole eld with amplitude proportional to k−1/2.
Using the previous results, the asymptoti behaviour of the basi integral is given by:
Qm ∼ j
3/2 e
jkψ+
(kR+)1/2
[
2pi
C+(r + 2C+)− α2
]1/2
(r + C+)
+ j1/2
ejkψ−
(kR−)1/2
[
2pi
C−(r + 2C−)− α2
]1/2
(r + C−), k →∞, (16)
R2
±
= (r + C±)
2 + z2, ψ± = R± + γ cos
−1C±,
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Figure 3: Numerial and asymptoti evaluation of In, r = 1.125, k = 8, n = 1: left hand
side real, right hand side imaginary; solid line numerial evaluation, dashed line asymptoti,
Equation 17
and:
Im ∼ (Qm+2(k, r, z)−Qm(k, r, z))/4, (17)
where Q−m and Q−m−2 are negleted sine they have no stationary phase points and deay
muh faster than Qm and Qm+2.
Figure 3 ompares the asymptoti approximation for I1(k, r, z) to a numerial evaluation
of the integral. The ut-o value of z for γ = 3/k is indiated and the real and imaginary
parts of the integrals are plotted separately. As z → zc, the stationary phase approximation
toQm+2 breaks down and there is a resulting loss of auray. Away from this point, however,
the approximation to Im is aurate, on both sides of zc.
The asymptoti analysis shows that the radiating line soure modes, those with m < k
radiate eiently into a region bounded by ±zc(r, γ). Within that region, the result is
aurate over the whole range from near to far eld. This gives a seond limit on the
information available in the aousti eld.
3.3 Far eld approximation
For ompleteness, we give a far eld approximation of the line soure radiation integral,
valid outside the region overed by the asymptoti expansions of 3.2. Using the standard
approximation, R ≈ R0 + (r − r2) sinφ, 1/R ≈ 1/R0 with R
2
0 = r
2 + z2:
Im ≈ j
mpi
ejkR0
R0
m+ 1
k sinφ
[(
r + j
(m+ 2)
k sin φ
)
Jm+1(k sin φ)− jJm(k sinφ)
]
(18)
4 Information in spinning sound elds
Summarizing the results of the previous setion, the nature of a spinning sound eld is seen
to be determined by its wavenumber k and its relation to the set of modes ontained in the
0 10 20 30
0
5
10
15
z
r
Figure 4: Cut-o lines for γ = m/8, m = 1, 2, . . . , 6, 7; exat solution solid; zc = αr/γ
dashed.
line soure equivalent to the two-dimensional disk soure. The rst result, that line modes
with m > k generate exponentially small elds, implies that the aousti eld ontains a
limited amount of information about the soure. Suh a result has been derived previously
by showing that the far eld pressure is a band-limited Fourier transform of the line soure
strength [25℄, but this new result establishes a fundamental limit on the information radiated
into the eld, without reourse to a far-eld approximation.
The seond result, from the stationary phase analysis, shows that the modes whih do
radiate, those with m < k, are more eient in some parts of the eld than in others.
The higher order radiating modes are detetable only near the soure plane, with a lower
radiation eieny at larger z. The only mode whih radiates eiently over the whole eld
is the `plane' mode m = 0.
The following setions disuss some impliations of these ndings for dierent problems.
4.1 Low speed rotors
One result whih is of immediate interest is that, in some sense, low speed rotors have the
same aousti eld. Given that for a system of radius a rotating at angular veloity Ω the
non-dimensional wavenumber of the nth harmoni of the radiated eld k = nΩa/c = nM
t
,
with M
t
the soure tip Mah number, low speed rotors will have k < 1 over the rst few
harmonis of the signal. This means that the sound eld is dominated by the zero order line
mode and any set of rotors of a given blade number operating at the same speed, whatever
their blade geometry, will have the same aousti eld, to within a saling fator.
4.2 Soure identiation
The original motivation for this work was the problem of identifying a rotating soure. The
results of 2 and 3 an be used to help show why this is a hard problem and to indiate
how it might best be approahed.
The rst obvious onsequene of the result of 3.1 is that the aousti eld has a limited
number of degrees of freedom. For a eld of given wavenumber k, no more than k modes
an be deteted in the eld, i.e. eld has M degrees of freedom, with M the largest integer
M < k. Attempting to identify soures using more than M degrees of freedom is inherently
ill-onditioned beause the modes with m > k have deayed exponentially.
Seondly, the asymptoti analysis indiates where in the eld it is possible to detet those
modes whih do radiate and gives a hint as to where mirophones might be plaed to best
extrat the information whih is available.
4.3 Jet noise
In a reent paper [11℄, Jordan et al. examine noise prodution by a turbulent jet using
proper orthogonal deomposition (POD) to perform a modal deomposition of the ow and
a tehnique alled MOD (`most observable deomposition') to deompose the aousti far
eld. They nd that while 350 ow modes are needed to aount for 50% of the turbulent
kineti energy in the ow, only 24 modes are needed to aount for 90% of the aousti
energy. If the jet is viewed as a distribution of disk soures along the jet axis, the results of
this paper show that we should expet that only a small fration of the modes will radiate
noise and that in a omplex soure suh as a jet, the bulk of the modes will have m > k
and will generate exponentially deaying elds. In a study of noise soures in a jet, Freund
lters the soure terms to leave a set of modes apable of radiating to the far eld, based
on a wavenumber riterion, but he notes that additional anellation may our due to the
radial struture of the soure [26℄. The analysis of the previous setions oers an approah
for the identiation of the radial terms whih will give suh anellation.
5 Conlusions
An analysis of the radiation harateristis of spinning soures has been presented, based on
the deomposition of the soure into a set of exatly equivalent line soures. The results show
that for any given wavenumber, there is a ut-o value of line mode orderm, above whih the
radiated eld deays exponentially. Below this ut-o, eah mode radiates eiently into a
region bounded by rays from the soure entre, with amplitude proportional to k−1/2. These
rays ontrat onto the soure plane as the mode order is inreased and disappear altogether
when the order is equal to the wavenumber. The results have been used to explain the
ill-onditioning of the soure identiation problem and some of the features of jet noise
whih have been noted in the literature. In future work, the analysis may be used to explain
the struture of spinning sound elds, and to guide the development of aousti systems for
soure identiation.
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